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We consider here exchange-only density functional theory. The search for
the exchange-only potential ¥ (r) involves either the optimal effective
potential, or as an approximate alternative, calculating corrections to the
Slater (Sl) potential ¥S!(r) =2e,(r)/n(r), e.(r) and n(r) being, respectively,
the exchange energy density due to Dirac and the ground-state electron
density. The Levy-Perdew virial-like integral relation between the total
exchange energy and the gradient of V. (r) is an important element in the
present proposal.
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1. Introduction

Recently, we have proposed an approximate differential form of a version of the
Levy-Perdew (LP) relation [1] between the total exchange energy, E,, and the
exchange potential, V' (r). This LP relation reads

«(r
E,=— /n(r)r . BI;I_( )dr. €]
This was in our earlier work integrated by parts to yield [2]
E. = /[3n(r) +r- 8};_&1')] Vy(r)dr. 2)
The differential form we proposed, denoted by e}/ (r), will be written in the form
%) = 300+ [V = S VS mto) + 50, )

where the Slater (SI) exchange potential [3] designed to approximate V(r) takes
the form

2e(r)
n(r) ’

Vil = 4)
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while S(r) satisfies the integral condition [S(r)dr = 0. Here e,(r) is taken to be defined
by the Dirac formula [4]

N2
)/S(l',l') dr (5)
Ir —r'|

2
e
ex(r) = _Z

y4(r,¥’) being the single-particle (s) idempotent Dirac density matrix.

2. Use of formally exact integral equation theory for exchange-only potential V (r)
We next appeal to the integral equation theory of V' (r) proposed by Della-Sala and
Gorling [5] (see also [6]) and formally completed by Howard and March [7] (see also
[8]). This reads

Vo) = VS0 + / a1y, (e, )RV (F)

2n(r)
i Jo T
where P(r) satisfies the integral condition [7]
/ P(r)dr = 0. (7
At this point, let us return to Equation (3) to find
6 V) = V3w + 20, ®)
A(r) being defined as
A = 1+7F '3:(’1?). )

Now our aim is to bypass the integral equation form in Equation (6) by substituting
V' (r) appearing in the RHS of Equation (6) using Equation (8). This then yields

Vilr) = Vsl(r)+12;() dr/|yv(r,r’)|2A(r/)I[Vﬁ‘(r’>+2,iif;)]
4o HE D)y ) | P(r)
+4n(r)ffdr dr T +%. (10)

Of course, the price paid in writing the form (10) is that not only does the function
P(r) entering Equations (6) and (7) appear, but also S(r) introduced in Equation (3).

The ‘zeroth order’ approximation for P(r) is the proposal of Della-Sala and
Gorling [5] that it be put to zero. As these authors stress, it is equivalent to what
seems to us the drastic approximation that the Slater—-Kohn—-Sham determinant
equals its Hartree—Fock counterpart. However, it is relevant here to note that the
‘denominator’ approximation of Gritsenko and Baerends [6] yields the same result as
the later work of Della-Sala and Gorling [5]. It is also tempting to try the choice
S(r) =0 in addition, but below we shall attempt to transcend this by appealing to the
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work of Solomatin et al. [9]. These workers studied the exchange-only potential V', in
a simple model of a metal surface, and we give a concise summary of their results
immediately below. These authors divide V(r) into the sum of two parts which
they write as

Valr) = V30 + £ (1) )

f(r) is known to satisfy the exact sum rule (equation (2) of [9])

/drn(r)r -Vf(r)=0. (12)
They use A(r) defined in Equation (9) to express the part V(r) in Equation (11) as
6n(r) A V2(r) = 4n(r)V3(x) +r - V[n(r) V3 (r)]. (13)

In their original study, Solomatin et al. [9] expect Equation (13) to be already an
accurate representation of V. (r) at a metal surface, for precise reasons
involving asymptotic behaviour set out in their article. Returning to the present
proposal in (8), this would then be equivalent to the approximation for S(r) given from
Equation (13) by

() = — 3 nOV3E) + 34D + /(). (14

where V(r) is given explicitly by Equation (13). We can readily evaluate the volume
integral of S(r) from Equation (14). Obviously, as already known to Slater [3], the
first term on the RHS of Equation (14) yields minus the total exchange energy.
Applying the sum rule (12) for f(r), we arrive at the expected result: [S(r)dr=0.

3. Approximate inclusion of electron correlation

To conclude, we want to refer to the generalisation of the result (1) above to include
electron correlation. This reads [1]

Ev+ T, = / n(or - 8V“ Wel®) (15)
which we write in the differential form
) + (1) = [3n(r> r a’;—ﬂ Veel®) + Co), (16)
where
Eo= [eundr. 7= [uwar [ cmar=o a7

Evidently, xc now denotes the exchange plus correlation, while 7, is the total
kinetic correlation energy.

As an example let us choose the He atom, discussed in [10]. These workers gave
what they believe to be an accurate approximation to V,..(r) using the
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Chandrasekhar variational wave function as basis. Utilising this in Equation (15)
allows an estimate of E,.+ T..

Additionally, there is an accurate knowledge of the form of the kinetic
correlation energy density 7.(r) introduced in Equation (16), but now, for non-
relativistic He-like ions in the limit of large atomic number Z [11].

1(r) = —tylr) — %Zan(r) - %Zd’;(:), (18)
where
NER NGNS
tw(r) = 8n(r)< dr ) (19

is the Weizsidcker kinetic energy density.

4. Summary and future directions

The basic idea of the present study is to avoid iterative solution for the exchange-
only potential V' (r) of DFT in the integral (Equation (6)). This is achieved,
approximately, by utilising Equation (8), with S(r) given in Equation (6). Finally, in
Section 3 an approximation to include correlation is proposed.

As to future directions, it would already be of considerable interest if, for the
two-electron He-like non-relativistic atomic ions with nuclear charge Ze, the formally
exact asymptotic relation for large Z quoted in Equation (18), from [11] could be
generalised to apply even to the case Z =2 corresponding, of course, to the neutral He
atom. Furthermore, the iterative solution of Equation (6) carried out by Howard and
March [12] should be enriched by adding correlation effects (cf. Section 3).
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